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Abstract-In this paper, nonlinear behaviours for a shallow unsymmetrical, orthotropic sandwich 
shell of double curvature with orthotropic core having different elastic characteristics have been 
studied by a new set of uncoupled differential equations. The face sheet may be of unequal thickness 
of different materials. However, a restriction that the elements radii of curvature be large compared 
to the overall thickness of the sandwich has been imposed. 
A simple approach used in the present analysis can be applied for stability as well as vibration. 
For the symmetrical case, where the face sheets are of equal thickness and of same materials, these 
equations can be shown to reduce to those given by Grigolyuk in 1957. Numerical results of a square 
rectangular simply supported curved plate, and of a rectangular sandwich cylindrical shell under 
mechanical and dynamic loading, have been computed and compared with other known results. 
@ 2002 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
In recent years the field of sandwich construction has gained importance as a result of improved 
manufacturing techniques. The newly developed manufacturing methods made the use of sand- 
wiches economically feasible, and the collection of more research data is becoming increasingly 
import ant. 
It is Reissner [I) who contributed significantly to an understanding of the behaviour of the 
sandwich shells. He showed the effects of shearing deformations and core-compressions which dif- 
ferentiate the sandwich theory from the ordinary shell theory based on the Kirchoff-Love assump- 
tions. Since then, numerous papers have been published evaluating analytical and experimental 
results of studies dealing with statically loaded sandwich plates and curved shells [Z-IS]. 
The authors take this opportunity to convey their sincere thanks to the referee for his valuable suggestions and 
comments for improvement of the paper. 
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Kamiya’s [19] equations using Berger’s [20] approximation to study the nonlinear static be- 
haviours of isotropic sandwich plates is restricted only to plate geometry due to the introduction 
of a correction factor. Although Berger’s method has been applied for the solution of conven- 
tional plates and shell problems, yet this method completely fails for movable edge conditions. 
Alwan [21] and Nowinski and Ohnabe (221 have also derived equations of sandwich shells with 
orthotropic core for the analysis of large deflection. More recent investigations have also enriched 
the theory of sandwich shells by including doubly curved shells [16,23]. 
The present paper offers a new set of differential equations in rectangular Cartesian coordinate 
system in uncoupled form which governs the behaviour of an orthotropic elastic doubly curved 
shallow sandwich shell with orthotropic core and unsymmetrical faces. In deriving these equa- 
tions, the idea of Bera [23] used in the case of isotropic symmetrical sandwich shells has been 
utilized with purpose and profit. But, as a matter of fact, the equations obtained in [23] for the 
isotropic sandwich shell with symmetrical faces can be deduced from the present discussions. 
In course of investigation, it is assumed that the core undergoes only transverse shear defor- 
mations and that a line through the undeformed core remains straight under deformations, but 
not necessarily pkrpendicular to the middle surface of the shell. It is further assumed that the 
total thickness of the shell element is small compared to the radii of curvature. The face sheets, 
however, are assumed to satisfy the Kirchoff-Love assumptions, and their thickness, while not 
equal, is small compared with the overall thickness of the sandwich section. It is likewise assumed 
that the core compression in a direction normal to the middle surface of the shell is negligible. 
The properties of each layer are different in different directions. 
Furthermore, the result for movable edge conditions can be easily derived from the equation 
of immovable edge conditions. Numerical results of rectangular cylindrical sandwich shells with 
the different aspect ratio under dynamic loading have been computed and compared with other 
available results in case of nonlinear vibration. The critical loads for stabilities have also been 
calculated for movable and immovable edge conditions and compared with other available results. 
2. GOVERNING EQUATIONS 
Let us consider a rectangular Cartesian coordinate system 2, g, z with 2, J/ in the middle surface 
of the core, and t the thickness direction (positive downwards). If the expression for the strains 
in the ith face sheet in the x and y directions are noted as ~ri, EZ~, respectively, the transverse 
shear strain as 7iyi, curvature in the x and y directions as ~1 and ~2, and the twist as 612, then 
equation (2.1) holds true for each of the separate face sheets 
W 1 2 
Eli = t&z - - + -w,, 
Rl 2 
W 1 2 
E2.i = Viy - - + -W 
R2 2y’ 
yi = Uiy + Viz + WzWy, i = 1,2, (2.1) 
‘61 = wxx, 62 = Wyy, &I2 = Wxy, WI = w2 = w, 
.th where Ui, vi, and w are the middle surface displacements of the z face sheet considered in the 
2, y, and z directions, respectively. RI and Rs are the radii of curvature of the plate elements 
in the x and y directions, and subscripts x and y denote differentiation with respect to x and y, 
respectively. 
Let the stress-strain relations for each face sheet made of orthotropic material be given by 
equations (2.2), 
Nli = Ri (&ii + ~2~20 > 
N2i = Bi (E2i + VlEli) 9 
(2.2) 
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pi = Gitiyi = Jj { 1 - (~1~2)~‘~) B,yi, 
Eltl 
Bl=-, 
1 - r4v‘J 
g2=E,t,, 
1 - J424 
(2.2)(cont.) 
where Ei, Vi, ti refer, respectively, to Young’s modulus, Poisson’s ratio, and thickness of the ith 
face sheet considered. When dual subscripts are used, the first subscripts refers to the direction 
of the strain and the second refers to the face sheet under consideration. Thus, ~21 signifies the 
strain in the y-direction in the upper face. Let us now introduce 
fj= 
Blul + B2u2 f&w+ B2~2 
BI +B2 ’ ’ = B1 + B2 ’ 
(2.3) 
Ul -u2 
Cl,=-, 
h 
‘ul - u2 
B=,, 
and subscripts 1 and 2 refer to the upper and lower face sheets, respectively, where h is given 
by (2.8). 
The averaged values of both face strain components can be written as 
(2.4) 
With the help of equations (2.3) and (2.4), we can write (2.5), 
h 
El1 = E;n + -a,, 
h 
2 
El2 = E;n - -I&, 
2 
h 
E21 = ET + TO”, E22 = ET - $%: (2.5) 
71 =7m+$/+tt), “I:!=-? - ;c% +A). 
By virtue of the Hooke’s law for unsymmetrical orthotropic materials, the strain energy per unit 
area of both the faces is represented as (2.6), 
(2.6) 
1 ( 
where q is the external distributed load acting in a direction normal to the middle surface of the 
sheet and 
(2.6a) 
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Figure 1. Plot of the u-displacements through the thickness of the shell. 
To determine the total strain energy of the sheet, there remains to be included only the con- 
tribution of the orthotropic core. It is assumed that the core undergoes only shear deformations, 
and further that a line initially straight, before deformations, remains straight in deformed state, 
however, not necessarily perpendicular to the middle surface of the sheet. The displacement of 
a point in the core in the x and y directions is given by equation (2.7), if the location of the 
neutral axis is known. To determine the shearing strains of the core, we have to determine the 
displacements of the core, and this can be done from Figure 1. 
From Figure 1, we can derive 
Let the shearing strains of the core in the xz and yz planes be denoted by 713 and 723, respectively. 
From equation (2.7), we get (2.8). 
with 
713 = u,? + W, = -f(o - wz), 723 = % + wy = -;(p - wy), (2.8) 
h=c+&+t2), 
where X and c as shown in Figure 1. The shearing stresses ‘~13 and ~33 in the orthotropic core are 
related to the strains by (2.9), 
7-13 = G13~13, 723 = G23?‘23, (2.9) 
where G13 and G33 are the shearing moduli of the orthotropic core. The strain energy per unit 
area of the orthotropic core due to shear becomes 
v; = ; [G13(o - ?UX)~ + G23(P - WY)2] . (2.10) 
In consequence, the total strain energy per unit area of the orthotropic sandwich-shell with 
orthotropic core is 
Vs=VJ+V& (2.11) 
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Let us assume that 
{ 
1 - ;(ul + u# >( G + ; Spy)’ + $ { 1 - (ViVz)‘/2} 
1 
(2.12) 
x ym+- ; $j$(% + i?Z)}2 = &I {; (W; + UJ;) - ($ + $) W}2, 
where X, is a factor which depends upon the material constants of the shell to be determined 
later on. Let us further assume that 
II” = u, + i(Ul + 
(2.13) 
so that 
h Bi - B2 
II’” = IF + - ~ 
2 BI + B2 %Z + 
(2.13a) 
Introducing (2.6), (2.10), and (2.12), equation (2.11) can be written as 
% = ;(Bi + B2) _iq-w(&+$)} 
(2.14) 
+ ; { 1 - hvzP2) (B;;B;2)2 (cyy + &)2 - 
29 
-w 
B1 + B2 1 
+ ; [G~(Q - WZ)~ + G23(P - WY)“] . 
Applying Euler’s variational principle to minimize the total potential energy per unit area of 
the present elastic system of the orthotropic sandwich shell of unsymmetrical material for the 
determination of ii, V, o, 0, and w, we arrive at the following five equations (2.15a)-(2.15e): 
i [(BI + B2)1?7 = 0, (2.15a) 
y$ KBl + B2)1:‘7 = 0, (2.15b) 
?(a - w,) - &g- {am + q3yz} - g$ f { 1 _ (ylv2)1/2} 
2 (2.15c) 
x (or/y + P3cy) = 0, 
+wy)-*; 
1 2 
{ 1 - (w2)1’2} (azy + &) - & 
2 
0 + v2 
X ---%y + Pyy 2 = 0, 
(2.15d) 
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(2.15e) 
Assuming B1 and Bz as constants, we obtain from (2.15a) and (2.15b) 
I”” = constant = A, 1 (w+ (2.15f) 
Hence, from (2.13) and (2.15f), we can write 
I1 lm zz ii, + 
Vl -+- v2 - 
-vY-w 
2 
= A. (2.16) 
Differentiating (2.15~) and (2.15d) with respect to 2 and y, respectively, and adding, we get 
( -p?_v2_% a,+ 1 2 ) ~(w,,+~wYY) =o, (2.17) 
where 
(2.17a) 
Eliminating (0% + (Gss/Grs)&,) from (2.15e) and (2.17), we finally obtain (2.18), 
G3 
-( 
G23 G23 
WXX 
C 
+ GWYY + 
) ( )K 
WC.X + GWYY 
) 
+ C(& + B2) 
h2G13 I 
.(2.18) 
In case of isotropic material u1 = us and Grs = Gzs, equation (2.18) becomes identical with 
that obtained in [23]. Furthermore, the equation obtained in (2.17) in the present case may be 
reduced exactly to that of Fulton [16], which was found by a different method under identical 
conditions. 
Also, if BI = Bz and Grs = G23 = 0, ~1 = v 2, equation (2.18) can easily be identified with 
that obtained by Sinha Roy and Bannerjee in the ordinary nonlinear theory of shells [24]. 
Finally, minimizing the potential energy, the value of Am can be obtained as 
x, = 2VrU2, for clamped edge, and 
&I = QU2, for simply supported edge. 
(2.19) 
As an illustration of equation (2.18), we consider the following problem. 
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3. STABILITY OF A SHALLOW SANDWICH SHELL 
Let us consider a square rectangular simply supported curved plate subjected to a normal 
force N, parallel to its directrix along the edge 2 = 0, z = a. It is required to determine the 
critical load for the problem and to investigate the post-buckling behaviour of the shallow shell. 
For this problem RI = 00, Rz = R, a = b, fi = 0, V = 0, a = 0 = ,0, M, = 0 = Mg where &IX 
and My are the bending moments. 
The governing equation (2.15e) can be rewritten (taking q = 0) and adding the contribution 
for Nz, as (3.1) below, 
-[ (2R ‘( ~1) A ‘y 1+vz +wzz+& (l+;)..,Jih.,{ (;+w,.+wyy) 
Let us consider 
w =wcsinEsiny, 
a a 
where wc is a constant. Inserting (3.2a) in (2.17), we obtain 
and 
x2 (I+ G&u) TX ry 
1 + zT2Kla2 w” ‘ln a “II a’ 
K= 
cBlBz 
GdBl + B2) 
(3.1) 
(3.2a) 
(3.2b) 
(3.2~) 
From (2.16) and (3.2a), after carrying out necessary integration, the separation constant A can 
be obtained as 
(3.2d) 
Introducing (3.2a)-(3.2d) in equation (3.1), it can be solved approximately by applying 
Galerkin’s method, and after simplification, we obtain 
64a2 
+- 
.rrGR2 
(1+;)}+&] w. 
(3.3) 
G23 
-> 
B2IBl 1 
G3 (I+ B2/B1)2 1+ 2r2Kla2 
= BI (1 + Bz/Bl) ’ 
where the parameter A, can be obtained from (2.19). The critical load is obtained by dropping 
the nonlinear terms as 
N$=(B1+B2) [$${~(l+;)j2+~+$2(1+$) 
&I& 1 
x (1 + B2/B1)2 1+ 2r2Kla2 1 
(3.4) 
. 
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Equation (3.4) gives the upper critical load at the instant the shell snaps through. The lower 
critical load, which corresponds to the snap through condition, may be obtained by considering 
the nonlinear terms. 
Differentiation of equation (3.3) with respect to wo followed by a solution for wo yields 
w. = 16~2 [(3/2) {(~/2) (I+ v~/Q)) {I+ (v1/2) (I+ VZ/Q)) + (8/3)4 
IT4 [{1+ (Y/2) (1+ v2/v1)j2 +57+x,] 
(3.5) 
Substitution of equation (3.5) into equation (3.3) gives the lower value of the critical load Nk 
which results after loss of stability as 
N; = N,” - (I31 + I?,)$$ 
[(3/2) ((42) (I+ ~2/~1)) {I+ (42) (I+ ~2/~1)} + (8/3)L12 
(3.6) 
X 
(1 + (w/2) (1 + v2/vl)}2 +57+x, 
A measure of the energy loss resulting from shell buckling may be obtained by investigating the 
ratio of upper and lower critical loads for the various parameters of the shell. 
N: N,” 
N; - Nz _ (By + By) (32a2/+~2) ~(s/2){(~~/2)(1+~z/~~)}Il+(~~/2)(l+~z/~~)}+(s/3)~,~,l2 ’ Or’ 
{1+(~1/2)(~+~2/~1)) +579x,,, 
NZ 1 _- 
N; 1-E’ 
(3.7) 
where 
(B1 + B2) 32a2 [(3/2) {@l/2) (I+ 44) Q + W2) (1 + 44 + W3Vh12~ c3 8j 1 E _ 
N,” TCR2 {1+ (Y/2) (1 + v2/vl)}2 +57+x, 
A maximum value of E is found out by considering only the term 
in Nz in equation (3.8). For ~1 = y = u = 0.25 and X, = 0.0625, we get E = 0.24 and 
N,” 
NL 
= 1.31, (3.9) 
a little higher than the value obtained by filton [16] 
3.1. Solution for Movable Edge (A = 0) 
From equation (3.3), we obtain 
B2IB1 1 
x (1 + B2/B1)2 1+ 2r2K/a2’ 
Proceeding as in the case of immovable edge above, the upper critical load may be obtained here 
as 
%=(Bl+B2)[$$+$2(1+~) (l+B;;ljz 1+2r!iK,a2]. (3.11) 
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Differentiation of equation of (3.10) with respect to wc followed by a solution for UJO yields 
128a2 
w” = 15+R’ (3.12) 
From equations (3.10) and (3.12), as in present case, the lower value of the critical load Nk which 
results after loss of stability can now be obtained as 
N; = NJ‘ - (B1 + B2)~x’“. (3.13) 
Thus, we obtain 
NZ N,” 1 
Nk - N,” - (Bi + Bz) (2048a2/45nsR2) X, =1_1 
(3.14) 
where 
&= 
(BI + Bz) (2048a2/45n8R2) X, 
N,” 
(3.15) 
A maximum value of E may be determined by considering only the term X,(Bl + B2)a2/n2R2 
of equation (3.11) as 
& = 0.047, (3.16) 
and substituting the value of E in equation (3.15), we obtain 
N” 
* = l.05. (3.17) 
It is interesting to note that result (3.17) was obtained by Fulton [16] in the case of immovable 
edges. 
We now extend our method of analysis for the solution of another problem given below. 
4. VIBRATION UNDER DYNAMIC LOADING 
Let us now consider free vibrations of an orthotropic simply supported sandwich cylindrical 
shell with an orthotropic core. Adding the total potential energy given by equation (2.14) to the 
total kinetic energy of the shell, one may form the Lagrangian function and then applying Hamil- 
ton’s principle (neglecting the in-plane inertia effect), the following equation (4.la) is obtained 
through Euler’s variational principle: 
(4.la) 
where 
and f(t) is a function of time t alone. 
Ilrn = Af(t), 1 (4.lb) 
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Let us assume w(z, y, t) as follows: 
w(2, y, t) = wg sin F sin yF(t), (4.2) 
for fundamental mode of vibration and wc is the dimensionless amplitude and F(t) is a func- 
tion of time t alone. The defining equation (4.lb) is then integrated over the area, taking into 
consideration c = 0, 6 = 0, and it is found that 
(4.3) 
Introducing equation (4.2) into equation (2.17) and integrating over the area, it is obtained that 
~(z, y, t) = *y, + ~~~ = _ ~’ (wO/u2) F(t) (l ’ (G23’G’3) (a2’b2)) sin ~ sin ‘y 
1 + K (n2/a2) (1 + c-A~/~~) a b ’ 
nom equations (4.1)-(4.4), one gets the equation in the following form: 
(r,2Fs[;{l+$(l+~);}2+$~{9+2;+9$}] 
+(~)F2[-($-)6{l+~(1+~)~}{~+~(l+~)~} 
+~h,,.(i+$)(l+~)]+F[(&)2((~{l’~(l+~)$} 
+Am(1+$)2)) +&r4(1+$$) ~+K(f2:,:;(f2~u2,~2)] 
( 
ca4 K2 d2F --- = 
+ G13h2 K1 dt2 ) ” 
where 
K1 = 2 
( ) 
l_tB’ 
Bl ’ 
K2 = PI~I + ~2t2 + ~3~7 
and pl, p2, p3 are surface densities of shells and core, respectively. 
Substituting 
(4.4) 
(4.5a) 
(4.5b) 
(4.6) 
Nonlinear Vibration and Stability 
equation (4.5a) finally reduces to 
g +PlF(T) +pz (~)F(T)'+p3 (y)2F(T)3 =I). 
1627 
(4.7) 
With the initial conditions F(T) = 1 and 9 = 0 at r = 0, the solution of equation (4.7) can 
be written as [25,26] 
(4.8) 
where WNL and WL are the nonlinear and linear frequencies, respectively. 
5. NUMERICAL RESULTS AND DISCUSSION 
In the present study (PS), the stability of a simply supported orthotropic sandwich shallow 
shell with orthotropic core for both immovable as well as movable edges has been investigated to 
determine the critical loads and to discuss the postbuckling behavior. The interesting point of this 
method is that the same differential equation serves the purpose of investigation of immovable 
as well as movable edge conditions. In case of immovable and movable edge conditions, the 
ratio of upper and lower critical loads are found to be 1.31 and 1.05, respectively. The value 
corresponding to immovable edge as obtained by Fulton [16] by a completely different method 
is 1.05. It is not out of place to mention that Berger’s method in this case yields much lower 
value as compared to the value obtained by Fulton [16] as well as in the present study. So, it 
may be said that our method is more acceptable for all practical purposes. 
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Figure 2. Deflection vs. frequency (a/b = 1). 
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Figure 3. Deflection vs. frequency ratio (a/b = 2). 
1.3 
1.2 
1.1 
1.0 
0.9 
0.8 
0.7 
0.6 
0.5 
0.1 0.2 0.3 
Deflection 
Figure 4. Deflection vs. frequency (u/b = 0.5). 
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Figure 5. Deflection vs. frequency ratio (a/b = 2.5) 
Figures 2-5 show the graphs corresponding to the numerical results of the ratio of the nonlinear 
and linear frequencies of the free vibrations of the orthotropic sandwich cylindrical shell with 
orthotropic core in respect of equation (4.8); the parameters involved have the following numerical 
values: 
a = 0.254m, h = 1.7135 x 10e2m, E 1 = 7347.201 x lo6 3 
m2’ 
Kg Grs = 4218.4884 x lo3 - G23 
m2’ 
- = 0.995, 
G3 
?I1 = 0.3, v2 = 0.25, A, = 0.075, 
RI 
- = 0.5, 
R2 
(5.1) 
Rr = lm, 
c 
- = 0.001, B2 
G3 
- = 0.5, 
B1 
B1 = 5.127 x lo6 2. 
The graphs from the present analysis throw enough light towards the behaviour of vibration of 
an orthotropic sandwich shell with orthotropic core. The value obtained in the present analysis 
is very close to the experimental results, and hence, more acceptable for practical purpose. 
Berger’s method as followed by Kamiya 1191 in case of isotropic material depends on a correction 
factor which is a function of the geometrical structure. 
Our present study is simple and more accurate, and the results both for the movable as well 
as immovable edge conditions can easily be obtained from the same differential equation. This is 
an additional advantage. 
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